In this paper we give some sufficient conditions, which ensure the existence of pseudo almost periodic solutions to some classes of non-autonomous first-order partial neutral functional-differential with unbounded delay.
Introduction
Let (X, · ) be a Banach space. The main concern in this paper consists of studying the existence of pseudo almost periodic solutions to the class of non-autonomous first-order neutral functional-differential equations with unbounded delay: d dt (u(t) + f (t, u t )) = A(t)u(t) + g(t, u t ), (1.1) where A(t) : D(A(t)) ⊂ X → X is a family of densely defined closed linear operators on a common domain D = D(A(t)), which is independent of t, the history u t : (−∞, 0] → X defined by u t (θ ) := u(t + θ ), belongs to some abstract phase space B defined axiomatically, and f, g : R × B → X are some suitable functions. The existence of almost periodic, asymptotically almost periodic, pseudo almost periodic, almost automorphic, and asymptotically almost automorphic solutions is amongst the most attractive topics, which arise in qualitative theory of differential equations due to their significance and applications in physics, mathematical biology, control theory and others. For more on these concepts and related issues, see, e.g. [1] [2] [3] [4] 6, 7, 25, 30, 32, 34, 38, 40] and the references therein.
The concept of the pseudo almost periodicity, which is the central question in this paper was introduced in the literature in the early nineties by Zhang [40] [41] [42] as a natural generalization of the well-known (Bohr) almost periodicity. This new concept is then welcome to implement another existing generalization of the (Bohr) almost periodicity, the notion of asymptotically almost periodicity due to Fréchet, see, e.g. [5, 12, 29] .
Various contributions on almost periodic, asymptotically almost periodic, and pseudo almost periodic solutions to abstract differential and partial differential equations have recently been made, especially in [4, [6] [7] [8] 21, [23] [24] [25] . Existence results concerning almost periodic and asymptotically almost periodic solutions to ordinary neutral differential equations and abstract partial neutral differential equations have recently been established in [27, 33, 20] . The existence and uniqueness of pseudo almost periodic solutions to neutral equations with bounded delay have recently been obtained from [11] . For that, the first task there consisted of introducing some new spaces called pseudo almost periodic functions of class p, which are heavily linked with the presence of (finite) delay. Next, some composition results of pseudo almost periodic functions of class p were established. And finally, the previous results, were, subsequently utilized to obtain some existence results for (1.1) in the case when A(t) = A and B = C([− p, 0], X).
To the best of our knowledge, the existence of pseudo almost periodic to non-autonomous functional-differential equations with unbounded delay, especially, abstract neutral differential equations with unbounded delay, is an untreated topic and this is the main motivation of the present paper.
One should point out that neutral differential equations arise in many areas of applied mathematics. For this reason, those equations have been of a great interest during the past few decades. The literature relative to ordinary neutral differential equations is quite extensive; for more on this topic and related applications we refer the reader to Hale [15] , which contains a comprehensive description of those equations. Similarly, for more on partial neutral functional differential equations we refer to Hale [16] , Wu [35] [36] [37] , Adimy [1] for finite delay equations, and to Hernández and Henríquez [17, 18] and Hernández [19] for unbounded delays.
Preliminaries
In what follows we recall some definitions and notations needed in the sequel. In particular, to deal with infinite delay we need to introduce some new classes of pseudo almost periodic functions.
Let (Z, · Z ) and (W, · W ) be Banach spaces. The notation L(Z, W) stands for the Banach space of bounded linear operators from Z into W equipped with its natural topology; in particular, this is simply denoted L(Z) when Z = W.
Throughout the paper, C(R, Z) and BC(R, Z) stand for the collection of all continuous functions from R into Z and the Banach space of all bounded continuous functions from R into Z equipped with the sup norm defined by
Similar definitions as above apply for both C(R × Z, W) and BC(R × Z, W).
In this paper, (X, · ) stands for a is Banach space and {A(t) : t ∈ R} is a family of closed linear defined on a common domain D, which is independent of t, and dense in X.
Throughout the rest of the paper we suppose that the system
has an associated evolution family of operators {U (t, s) : t ≥ s with t, s ∈ R}, which is uniformly asymptotically stable.
Definition 2.1. A family of linear operators {U (t, s) : t ≥ s with t, s ∈ R} ⊂ L(X) is called an evolution family of operators for (2.1) whenever the following conditions hold:
In this addition to the above, we assume that the operators A(t), U (r, s) commute and that the evolution family U (t, s) is asymptotically stable. Namely, there exist some constants M, δ > 0 such that:
For additional details on evolution families, we refer the reader to [26, 31] .
To deal with pseudo almost periodicsolutions we need to introduce some classical and new concepts.
Definition 2.2.
A function f ∈ C(R, Z) is almost periodic if for each ε > 0 there exists a relatively dense subset of R denoted by H(ε, f, Z) (i.e. there exists δ > 0 such that [a, a + δ] ∩ H(ε, f, Z) = {∅} for each a ∈ R) such that:
for each t ∈ R and each τ ∈ H(ε, f, Z).
The collection of all almost periodic functions from R into Z will be denoted by A P(Z).
The next lemma provides a characterization of almost periodic functions. where (σ τ f )(t) = f (t + τ ), is relatively compact in C(R, Z).
is almost periodic in t ∈ R uniformly in z ∈ Z if for each ε > 0 and for all compact K ⊂ Z there exists a relatively dense subset of R denoted by H(ε, F, K ) such that
for all t ∈ R, z ∈ K , and τ ∈ H(ε, F, K ). The collection of all almost periodic functions from R × Z into W will be denoted by A P(Z, W).
The notation PAP 0 (Z) stands for the space of functions
To study issues related to delay we need to consider the space of pseudo almost periodic functions of class p, which has recently been introduced in [11] . The space of pseudo almost periodic functions of class p is defined for p > 0 as follows:
In addition to the above-mentioned spaces, the present setting requires the introduction of the following function spaces:
where the limit (as r → ∞) in both cases is uniform on compact subsets of Z.
In view of the previous definitions it is clear that PAP 0 (Z, p) and PAP 0 (Z, W, p) are continuously embedded into PAP 0 (Z) and PAP 0 (Z, W), respectively. Furthermore, it is not hard to see that PAP 0 (Z, p) and PAP 0 (W, Z, p) are closed in PAP 0 (Z) and PAP 0 (W, Z), respectively. Consequently, using [25, Lemma 1.2], one obtains the following:
Lemma 2.5. The spaces PAP 0 (Z, p) and PAP 0 (W, Z, p) endowed with the uniform convergence topology are Banach spaces. Definition 2.6. A function f ∈ BC(R, Z) is called pseudo almost periodic if f = g + ϕ, where g ∈ A P(Z) and ϕ ∈ PAP 0 (Z). The class of all pseudo almost periodic functions from R into Z will be denoted by PAP(Z).
The class of all pseudo almost periodic functions from R × Z into W will be denoted by PAP(Z, W). Definition 2.8. A function f ∈ BC(R, Z) is called pseudo almost periodic of class p if f = g +ϕ, where g ∈ A P(Z) and ϕ ∈ PAP 0 (Z, p). The collection of all pseudo almost periodic functions of class p from R into Z will be denoted by PAP(Z, p).
The collection of all pseudo almost periodic functions of class p from R × Z into W will be denoted by PAP(Z, W, p).
To deal with unbounded delays, we need to introduce the following new spaces of functions:
Obviously, PAP 0 (Z, ∞) and PAP 0 (Z, W, ∞) are respectively closed subspaces of PAP 0 (Z, p) and PAP 0 (Z, W, p), and hence both are Banach spaces. Furthermore, it is not hard to see that:
In view of the above, we introduce the following new classes of functions. Definition 2.10. A function f ∈ BC(R, Z) is said to be a pseudo almost periodic function of class infinity if f = g + ϕ, where g ∈ A P(Z) and ϕ ∈ PAP 0 (Z, ∞). The collection of all pseudo almost periodic functions of class infinity from R into Z will be denoted by PAP(Z, ∞). Definition 2.11. A function F ∈ BC(R × Z, W) is said to be a pseudo almost periodic function of class infinity if F = G + ϕ, where G ∈ A P(R × Z, W) and ϕ ∈ PAP 0 (Z, W, ∞). The collection of all pseudo almost periodic functions of class infinity from R × Z into W will be denoted by PAP(Z, W, ∞).
In this work we will employ an axiomatic definition of the phase space B, which is similar to the one used in [24] . More precisely, B is a vector space of functions mapping (−∞, 0] into X endowed with a seminorm · B such that the next axioms hold.
(B) The space B is complete. (C2) If (ϕ n ) n∈N is a uniformly bounded sequence in C((−∞, 0], X) given by functions with compact support and ϕ n → ϕ in the compact-open topology, then ϕ ∈ B and ϕ n − ϕ B → 0 as n → ∞. In the next definition, we let B 0 = {ϕ ∈ B : ϕ(0) = 0}.
The phase space B is called a fading memory if S(t)ϕ B → 0 as t → ∞ for every ϕ ∈ B 0 . Now, B is called uniform fading memory whenever S(t) L(B 0 ) → 0 as t → ∞. Remark 2.13. In this paper we suppose L > 0 is such that ϕ B ≤ L sup θ ≤0 ϕ(θ ) for each ϕ ∈ B bounded continuous, see [24, Proposition 7.1.1] for details. Moreover, if B is a fading memory, we assume that max{K (t), M(t)} ≤ K for t ≥ 0, see [24, Proposition 7.1.5] for details.
Remark 2.14. Note that in [24, p. 190] it was shown that the phase B is a uniform fading memory space if, and only if, axiom (C2) holds, the function K is bounded and lim t→∞ M(t) = 0.
Let r ≥ 0, 1 ≤ p < ∞ and let ρ : (−∞, −r ] → R be a nonnegative measurable function which satisfies the conditions (g-5)-(g-6) in the terminology of [24] . Briefly, this means that ρ is locally integrable and there exists a nonnegative locally bounded function γ on (−∞, 0] such that ρ(ξ +θ ) ≤ γ (ξ )ρ(θ), for all ξ ≤ 0 and θ ∈ (−∞, −r )\ N ξ , where N ξ ⊆ (−∞, −r ) is a set whose Lebesgue measure zero.
The space B = C r × L p (ρ, X) consists of all classes of functions ϕ : (−∞, 0] → X such that ϕ is continuous on [−r, 0], Lebesgue-measurable, and ρ ϕ p is Lebesgue integrable on (−∞, −r ). The seminorm in C r × L p (ρ, X) is defined as follows:
The space B = C r × L p (ρ, X) satisfies axioms (A), (A1), and (B). Moreover, when r = 0 and p = 2, one can then take
.8] for details). Note that if the conditions (g-5)-(g-7)
of [24] hold, then B is a uniform fading memory. For the composition of almost periodic and asymptotically almost periodic we include the following results. Let the notation A A P stands for 'asymptotically almost periodic' [5, 12, 29] . In the next lemma we summarize some simple technical results, which will be essential in the sequel. For sake of brevity and completeness we refer to [21] for details. (a) Let F ∈ C(R × W, Z). If F(·, x) ∈ A P(Z) for every x ∈ W and F satisfies a local Lipschitz condition at x ∈ W , uniformly at t, then F ∈ A P(Z, W).
If F(·, x) ∈ A A P(Z) for every x ∈ W and F satisfies a local Lipschitz condition at x ∈ W, uniformly at t, then F ∈ A A P(Z, W). (c) If F ∈ A P(W, Z) and y ∈ A P(W) then F(t, y(t)) ∈ A P(Z). (d) If F ∈ A A P(Z, W) and y ∈ A A P(W), then F(t, y(t)) ∈ A A P(Z). (e) If x ∈ A P(X), then t → x t ∈ A P(B). Moreover, if B is a fading memory space and z ∈ C(R, X) is such that z 0 ∈ B and z ∈ A A P(X), then t → z t ∈ A A P(B).
The next result on the composition of pseudo almost periodic functions of class p was recently established in [11] . 
for each ξ ∈ PAP 0 (R), then the function t → F(t, h(t)) belongs to PAP(W, p).
The rest of the paper is organized as follows. In Section 3 we discuss the existence of pseudo almost periodic solutions for the neutral system (1.1) while Section 4 is devoted to some applications.
Existence results
In this section we study the existence and uniqueness of pseudo almost periodic solutions to the neutral system (1.1). We begin introducing the followings concepts of solutions.
Motivated by the previous definition, in the sequel we introduce the technical tools needed for the proof of our main results. From now on, (Y, · Y ) denotes a Banach space continuously embedded into X such that: 
Remark 3.2. Note that the assumption on f and H 1 are linked to the integrability of the function s → A(s)U (t, s) f (s, u s ). Observe, for instance, that except trivial cases, the operator function s → A(s)U (t, s) is not integrable over [0, t]. In fact, consider the simple example when A(t) = A, for t ∈ R, and assume that A is the infinitesimal generator of a C 0 -semigroup (T (t)) t≥0 on X. In this event, U (t, s) = T (t − s). If we assume that AT (·) ∈ L 1 ([0, t]), then from the relation
it follows that the semigroup is uniformly continuous and as a consequence that A is a bounded linear operator on X , which limited strongly the applications. On the other hand, if we assume that H 1 is valid, then from the Bochner's criterion for integrable functions and the estimate:
it follows that the function s → A(s)U (t, s) f (s, u s ) is integrable over (−∞, t) for each t > 0. For additional remarks related to this type of conditions in partial neutral differential equations, see, e.g. [1, 17, 18] , and especially [19] .
Remark 3.3. Note that assumption H 1 is achieved in many cases, see, for instance, Lunardi [26] .
Remark 3.4. If the range of f (s, ·) is contained in the domain of D(A(s)) for every s, then our concept of mild solution coincides with that introduced in [13] . We note that under our definitions, we can consider more various classes of functions f . In relation with this point, it is interesting to note that, in the theory of evolutions systems, it is usual that A(s)U (r, s) ∈ L(X) for r > s, and that in this case, the expression A(s)U (t, s) f (s, u(s)) is well defined for every X-valued function f .
Our existence results require the following preliminary results on the composition of pseudo almost periodic functions of class infinity. Lemma 3.5. Let u ∈ PAP(X, ∞) and assume that B is a uniform fading memory space. Then the function t → u t belongs to PAP(B, ∞).
Proof. Assume that u = h + g where h ∈ A P(Z) and g ∈ PAP 0 (Z, ∞). Clearly, u t = h t + g t and from Lemmas 2.3 and 2.16 we infer that t → h t is almost periodic.
The remaining task consists of proving that t → g t ∈ PAP 0 (Z, ∞). Let p > 0 and ε > 0. Since B is a uniform fading memory space, from Remark 2.14 we know that there is τ ε > p such that M(τ ) < ε for every τ > τ ε . Under these conditions, for r > 0 and τ > τ ε we find that 1 2r
g(s) dt, which enables to complete the proof as ε is arbitrary and u ∈ g ∈ PAP 0 (Z, τ ).
One of consequences of the previous lemma is the following modified version of Theorem 2.17.
Corollary 3.6. Let F ∈ PAP(Z, W, ∞) and h ∈ PAP(W, ∞). Assume that there exists a continuous function
If the condition (2.3) holds for every p > 0, then the function t → F(t, h(t)) belongs to PAP(W, ∞). Then v ∈ PAP 0 (X, ∞).
Proof. By using the notation H p = sup s≥ p H (s), for positive numbers p, r we find that 1 2r
Consequently,
which enables us to complete the proof since p is arbitrary. Proceeding as in the proof of Lemma 3.8, we can prove the next result.
Lemma 3.9. Let u ∈ PAP 0 (X, ∞) and v(·) be the function v(t) := t −∞ U (t, s)u(s)ds, t ∈ R. Then v ∈ PAP 0 (X, ∞). Now, we can establish the existence and uniqueness of pseudo almost periodic solutions to (1.1).
Theorem 3.10. Under assumptions H 1 and H 2 , suppose that B is a uniform fading memory spaces. Then there exists a unique pseudo almost periodic solution to (1.1) whenever
Proof. On the space PAP(X, ∞) we define the operator Γ : PAP(X, ∞) → C(R, X) by setting
It is easy to see that Γ u is well defined and continuous. Moreover, from Corollary 3.6, Lemmas 3.5 and 3.9 we infer that Γ u ∈ PAP(X, ∞), that is, Γ : PAP(X, ∞) → PAP(X, ∞).
To complete the proof we prove that Γ is a strict contraction on PAP(X, ∞). For u, v ∈ PAP(X, ∞) we get
From (3.2) and the classical Banach fixed-point principle it follows that Γ has a unique fixed-point, which is the only pseudo almost periodic solution to (1.1).
Applications
In this section we consider some applications to our abstract results and establish some relationship with the general literature.
A delayed abstract system
The existence of almost periodic, asymptotically almost periodic, pseudo almost periodic solutions to systems of the form
have been studied through several different approaches, see for instance [21, 23, 14, 28] . However, to the best of our knowledge, the existence of pseudo almost periodic solutions to such a system with unbounded delay is an untreated problem. The Proposition 4.1 given below is a immediate consequence of Theorem 3.10. In this result, A is the infinitesimal generator of an uniformly stable semigroup of bounded linear operators (T (t)) t≥0 on X and M, δ are positive constants for which T (t) ≤ Me −δt for every t ≥ 0.
Proposition 4.1. Assume that B is an uniform fading memory spaces and that g satisfies the properties in condition H 2 . Then the abstract system (4.1) has a unique pseudo almost periodic solution whenever:
Ordinary neutral systems
The general literature on neutral differential systems with x(t) ∈ R k is very extensive and for this type of systems our results are easily applicable. In fact, in this case, the operators A(s) are bounded linear operators on X and the evolution family U (t, s) is uniformly continuous and compact. We also observe, that the commutation relations A(t)U (r, s) = U (r, s)A(t) for t ∈ R and r > s is irrelevant in this case, since one can take Y = X = R k . Next, we assume that U (t, s) ≤ Me −δ(t−s) for every t ≥ s and that sup θ∈R A(θ) < ∞. The next result is a consequence of Theorem 3.10.
Theorem 4.2. Under condition H 2 , suppose that be verified B is a uniform fading memory space. Then (1.1) has a unique pseudo almost periodic solution whenever
The autonomous neutral case
In this subsection we consider briefly the abstract system
There is a long list of papers considering the existence and qualitative properties of mild solutions to systems similar to (4.3), see in particular [17, 18, 11, 20, 9, 10] .
As in the previous examples, here, our results are easily applicable. Assume, for example, that A is the infinitesimal generator of an uniformly stable analytic semigroup of bounded linear operators (T (t)) t≥0 on X. In what follows M, γ are positive constants such that (1) Let 0 < α ≤ 1. Then X α is a Banach space.
The following results are a particular case of Theorem 3.10. 
Then the abstract system (4.3) has a unique pseudo almost periodic solution whenever:
A general abstract system
To complete this paper we consider the existence and uniqueness of pseudo almost periodic solutions to the system partial differential equations
for t ∈ R and x ∈ I = [0, π].
As was observed in [17] , systems of the type (4.4) and (4.5) arise in control systems described by abstract retarded functional differential equations with feedback control governed by proportional integro-differential law. The existence and qualitative properties of solutions for the autonomous case, that is, a 0 ≡ 0, was recently described in several papers, see, e.g. [17, 19] for the existence and regularity of mild solutions, [18] for the existence of periodic solutions, and [20] for the existence of almost periodic and asymptotically almost periodic solutions. For similar works we refer the reader to [22, 9, 10] .
The non-autonomous case, that is, a 0 ≡ 0, was recently studied in Fu and Liu [13] . Namely, in [13] , the existence of mild, strong and periodic mild solutions to the abstract system (1.1) were studied. In general, the results are obtained by assuming that: (i) the system (4.4) and (4.5) has an associated evolution family, and (ii) the range of f is contained in the domain of A(t) for every t. In the particular case of the existence of periodic solutions, it is in addition assumed that the evolution family is uniformly asymptotically stable.
In order to establish the existence of pseudo almost periodic solutions to (4.4) and (4.5), we need to introduce the required technical tools. Throughout the rest of this section, we take X = L 2 [0, π] and B = C 0 × L p (ρ, X), see Example 2.15 for details. Define the linear operator A by
It is well known that A is the infinitesimal generator of an analytic semigroup (T (t)) t≥0 on X. Furthermore, A has a discrete spectrum with eigenvalues of the form −n 2 , n ∈ N, and corresponding normalized eigenfunctions given by z n (x) := 2 π sin(nx).
In addition to the above, the following properties hold:
(a) {z n : n ∈ N} is an orthonormal basis for X; (b) For ϕ ∈ X , T (t)ϕ = ∞ n=1 e −n 2 t ϕ, z n z n and Aϕ = − ∞ n=1 n 2 ϕ, z n z n , for all ϕ ∈ D(A). Moreover, it is possible to define fractional powers of A, see, e.g. [26] and [31, Chapter 2] . In particular, (c) For ϕ ∈ X and α ∈ (0, 1), (−A) −α ϕ = ∞ n=1 n −2α ϕ, z n z n ; (d) The operator (−A) α : D((−A) α ) ⊆ X → X is given by (−A) α ϕ = ∞ n=1 n 2α ϕ, z n z n , for ϕ ∈ D((−A) α ) = {u ∈ X : ∞ n=1 n 2α u, z n z n ∈ X}.
Define the class of operators A(t) by:
D(A(t)) = D(A), and A(t)ϕ(x) = Aϕ(x) + a 0 (t, x)ϕ for each ϕ ∈ D(A(t)).
By assuming that x → a 0 (t, x) is continuous for each t ∈ R with a 0 (t, x) ≤ −δ 0 (δ 0 > 0) for all t ∈ R, x ∈ [0, π], one sees that the system u (t) = A(t)u(t) t ≥ s, u(s) = x ∈ X, (4.6)
has an associated evolution family (U (t, s)) t≥s on X, which can be explicitly given by:
U (t, s)ϕ = T (t − s)e t s a 0 (τ,x)dτ ϕ.
Moreover, U (t, s) ≤ e −(1+δ 0 )(t−s) for every t ≥ s. which enable us to transform the system (4.4) and (4.5) into the abstract system (1.1). Obviously, f, g are continuous. Moreover, using a straightforward estimation, which can be obtained with the help of both (i) and (ii), it is then easy to see that f is a X 1 -valued bounded linear operator with f L(B,X 1 ) ≤ L f and that g is Lipschitz with respect to the second variable ψ whose Lipschitz constant is L g .
The next result is a direct consequence of Theorem 3.10.
Theorem 4.5. Assume that the previous assumptions hold. Then the system (4.4) and (4.5) has a unique pseudo almost periodic solution whenever:
